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We report on theoretical investigations of the influence of step interactions due to elasticity on unstable step meandering during molecular beam homoepitaxy. It is shown that elasticity causes coarsening of the cellular structure of the meander found in a previous work. The time dependence of step roughness is found to be robust, behaving as t 1͞2 . The lateral length scale coarsening is shown to be sensitive to the underlying physical mechanisms. In particular, the typical length follows the law t a , with a 1͞6 or 1͞4 depending on whether line diffusion is negligibly small or not. DOI Describing surface evolution during crystal growth from the knowledge of microscopic energetic and kinetic processes is a major problem of nonequilibrium physics. Many solids, and especially semiconductors, are produced by molecular beam epitaxy (MBE). This process of growth on a vicinal surface is expected, when all deposited atoms attach to steps (this regime is called step flow growth), to achieve a surface profile which is abrupt on the atomic scale. This goal is often hampered by the manifestation of surface instabilities. A main instability is step meandering [1] . The meandering is a morphological instability driven by terrace diffusion. It occurs above a critical impinging flux.
Several studies have been devoted to the nonlinear evolution of the meandering instability either when atom desorption is relevant [2] [3] [4] or not [5, 6] . The latter situation is the most frequent one. In that case the structure of the meander consists of a wavy pattern where the wavelength is fixed while the amplitude grows without bound as time proceeds.
The above-mentioned studies are limited to the purely diffusive regime, where steps interact with each other via the terrace diffusion field only. There are many circumstances for which steps are relatively close to each other (typically 5 to 20 monoatomic distances) [7] , where the elastic repulsion becomes decisive. It is the goal of this Letter to report on a striking influence of elasticity on the meandering instability. By means of a (singular) multiscale expansion with respect to a dimensionless parameter (proportional to the incoming flux), we show how a nonlinear partial differential evolution equation for the step meander can be extracted in a coherent picture starting from the Burton-Cabrera-Frank (BCF) model [8] supplemented with elastic interactions.
Elastic effects completely destroy the overall dynamics: instead of a frozen spatial periodicity of the meander found in Ref. [5, 6] , elasticity leads to coarsening; cells coalesce, leading to a perpetual power law increase of the mean periodicity l ϳ t a , with a 1͞4 when line diffusion is present, and a 1͞6 otherwise. Nevertheless the roughness obeys the same scaling law t 1͞2 , as without elasticity.
These exponents are found numerically. We provide a heuristic analytical analysis which supports these findings. Disregarding desorption, the concentration c m of adatoms on the terrace between the mth and (m 1 1)th steps obeys, in the quasistatic limit, the following equation:
where D is the adatom diffusion constant and F is the incoming flux. Mass conservation links the normal step velocity to the diffusion currents,
where a is the lattice spacing and V a 2 , s is the arclength along the step edge, and (1) and (2) refer to the lower and upper terraces, respectively. m is the mobile atom local chemical potential, k B T is the thermal energy, and D L is the mobility of the atoms along the step.
In order not to unnecessarily make the presentation too complex in this brief exposition, we restrict the discussion to the one-sided model: no interlayer mass exchange occurs. We assume in addition that step attachment kinetics are instantaneous. These requirements amount to
In order to determine the local equilibrium concentration in the vicinity of a step, use is made of the linearized relation [1] ,
where c 0 eq is the equilibrium concentration in the vicinity of an isolated straight step. The chemical potential is obtained from the free energy F of the vicinal surface,
where N N 0 1 R dx z ͞V is the number of particles in the solid, N 0 is a constant representing the number of particles in a certain reference state, x is the direction parallel to the steps, and z is the step position.
The free energy is composed of two parts: F F tens 1 F elas . The first one, F tens , results from the line tension of the step, and is proportional to the step arclength. Its contribution to the chemical potential leads to the well-known Gibbs-Thomson law: m tens Vgk, where k is the step curvature (counted here to be positive for a convex profile), andg g 1 g 00 is the step stiffness. The important point for our purposes is to derive the contribution F elas which originates from elastic interactions. On a vicinal surface a step can be viewed as a location of force dipoles ͑f, 2f͒ [9, 10] . The interaction energy of two dipoles directed along the unit vectors n 1 and n 2 and separated by r, is [10] 
where E is the Young modulus, s is the Poisson coefficient, and r is the dipole density along the step. As shown in Ref. [11] , considering the interaction between nearest neighbors is only a good approximation. The free energy of pair interaction is then [10]
where z n and s n are the meander and arclength of the nth step, respectively. In general, the chemical potential calculated from Eq. (5) and (7) has a complicated integrodifferential form. Nevertheless, a local form can be extracted in some cases, as we shall see in the following. Linear stability analysis, performed along the same lines as in [5] , indicates that a straight step is always unstable, and that the most unstable mode is the in-phase mode (i.e., where all steps move in phase). Thus we shall confine ourselves to a synchronous train (i.e., z n z m ϵ z for any m and n). The problem then reduces to a onedimensional one. The chemical potential can be evaluated from Eqs. (5)- (7) in the linear regime, valid for a small deformation amplitude z ,
where A 2͑1 2 s 2 ͒ ͑rf͒ 2 ͞pE. In the long wavelength limit, the most unstable mode has a wavelength which is found to be
with D S DVc 0 eq , and G ͑1 1 C 1 ͒gV͞k B T . The correction brought by elasticity is proportional to C 1 3A͞gᐉ
2 . The only quantities that could enter into account for the order of magnitude of A and g are the lattice spacing a and the Young modulus E. From dimensional analysis, A ϳ Ea 4 andg ϳ Ea 2 . Hence C 1 ϳ ͑a͞ᐉ͒ 2 ø 1: the prefactor of the elastic term is in general much smaller than that of the line tension term. Therefore, elasticity in general plays no role in the determination of the linearly fastest growing mode. Its influence however, is decisive in the subsequent development of the instability, as will now be shown.
The nonlinear behavior is extracted, as in Refs. [5, 6] , by expanding the model equations with respect to a small parameter,
where q m 2p͞l m . The fields and variables scale with e as x ϳ e 21͞2 , t ϳ e 22 , and z ϳ e 21͞2 . The latter scaling is singular as e ! 0, but the dynamics is not: due to translational invariance in the z direction (perpendicular to x), the natural variable is ≠ x z ϳ O͑1͒. The above linear expansion of the chemical potential must be extended so as to evaluate the leading terms compatible with the above scaling. To leading order we find a compact expression for the free energy of a given step:
where
is the local distance between steps [6] . The chemical potential then takes the following form:
This expression is identical to that obtained by Bonzel and Mullins [12] starting from the more usual macroscopic phenomenological free energy, expressed in terms of the step density j=hj:
where h is the surface height, dS is a surface element, and g 0 , g 1 , and g 3 are constants. Hence, Eq. (12) can be obtained again from a functional differentiation of Eq. (13). The advantage of our method lies in its systematic expansion which allows one to calculate the contributions to the chemical potential (12) for strongly deformed surfaces (from expansion to higher orders), and for an arbitrary phase shift between steps. Moreover, our calculation allows one to relate A to microscopic quantities.
Performing the multiscale expansion as in [6] , we obtain the evolution equation for the in-phase meander in the one-sided limit which can be cast into a compact form,
where u is the angle between the normal to the step and the z axis. The step mobility M reads
Equation (14) takes the following explicit form in Cartesian coordinates: (9)]. Figure 1b shows the step profile evolution in the course of time, starting from a random profile (or any other initial form). A striking result which emanates from our study is the existence of a persistent coarsening. This is in marked contrast with the situation where elasticity was disregarded [6] . In that case a wavy pattern is selected with a wavelength which is close to l m (Fig. 1a) . In all cases, the step develops a cellular pattern, and the step roughness evolves as w ϳ t b with b 0.5, as shown in Fig. 2 . Coalescence of cells is always seen in the presence of elasticity ͑C 1 fi 0͒. The typical lateral length scale thus increases. It is found to obey a scaling law in the late time asymptotic regime l ϳ t a . In the pure terrace diffusion regime ͑C 2 0͒, we find a 0.17 6 0.02, and, in the presence of line diffusion ͑C 2 fi 0͒, we find a 0.25 6 0.01.
A simple asymptotic scaling analysis lends analytical support to the above numerical values for the exponents. The idea is based on the existence of self-affine behavior for the meander. We use the following scaling ansatz:
Let us first note that a , 0 is nonphysical, since it would characterize an endless decrease of lateral length scales, in contradiction with linear stability, according to which there is a microscopic cutoff. In addition we must exclude the case where a . b, since this would be related to a smoothening of the surface at long time (the slope would go to zero), a fact which is in contradiction with the presence of a linear instability. Hence, we must have b $ a $ 0 .
Let us first consider the case a b. This entails that the slope should remain of order 1. Equation (16) then leads to a 1͞2. This implies that the stabilizing term [the second term on the right-hand side of Eq. (16)] would be irrelevant at long time (as can easily be checked thanks to a power counting). However, by going back to the evolution equation without the stabilizing term, we can show [6] that the slope would increase without bound with time. Thus the assumption that a b is fallacious. We are thus left with the only possibility b . a. Indeed, the typical slope ͗͑≠ x z ͒ 2 ͘ 1͞2 ϳ t b2a increases with time in all simulations. For large slope m ≠ x z , Eq. (16) behaves as
where d is an exponent whose value depends on the physical mechanisms involved in the smoothening of the step.
In the presence of an elastic interaction ͑C 1 fi 0͒, we have d 0 for a nonvanishing line diffusion ͑C 2 fi 0͒, and d 21 in the opposite case. Now, inserting the scaling form Eq. (17) into Eq. (19), and balancing the term on the left-hand side of Eq. (19) with the first term on the right-hand side yields the following value for the roughness exponent:
A balance with the second term on the right-hand side of the same equation leads to
This amounts to a 1͞4, when line diffusion is present, and a 1͞6, in the limit of a vanishing line diffusion. These results are in very good agreement with a direct numerical integration of Eq. (16). Moreover, our analysis, which allowed us to extract the dynamics exponents, might be of interest in the problem of mound formation [13] . In the absence of elastic repulsion between steps ͑C 1 0͒ a more detailed analysis is needed, as shown in Ref. [6] , where no coarsening is found (i.e., a 0), and b 1͞2.
Note that, since b . a, the typical slope ≠ x z ϳ t b2a increases as a power law in all cases. This means that the local interstep distance ᐉ Ќ ϳ ᐉ͞j≠ x z j tends to zero. Elasticity does not prevent step crowding forced by the unstable meander. The distance between steps decreases until reaching a few lattice spacings, below which the algebraic law of the elastic interaction may be altered. Generalizing our analysis for an arbitrary power law elastic repulsion ϳ1͞ᐉ n with n $ 1, we find from Eq. (16) that d n 2 3 for pure terrace diffusion and d n 2 2 in the presence of line diffusion. Equations (20) and (21) fix the value of the coarsening exponent, a. The inequality b . a still holds: no power law repulsion ϳ1͞ᐉ n can prevent the shrinking of terrace widths, although this tendency slows down as n increases.
Entropic repulsion (noncrossing of steps) can be taken into account in a mean field picture by adding an interaction energy term ϳA e ͞ᐉ 2 Ќ [14] , and the scenario proposed above is not affected: ᐉ will decrease until it reaches some atomic scale where the surface can no longer be depicted in terms of steps and terraces.
What we have learned so far is that long range interactions, such as step interactions of elastic origin, drastically affect step meandering during growth, in the sense that they induce a lateral coarsening. The lateral periodicity of the meander increases as t a , where a is sensitive to the underlying mechanisms. The step roughness obeys a robust scaling law w ϳ t 1͞2 that does not depend on either the presence of elastic interactions or the type of mass transport involved in the smoothening of short wavelength modulations.
Surprisingly, irrespective of the presence of elastic interactions (or any power law repulsion), the interstep distance locally tends to zero as a consequence of meandering, until the step model breaks down. In order to further investigate this puzzling behavior, a study of the full dynamics is needed, where steps are not in phase and interlayer transport or noise is present. Another important line of future investigation is anisotropy, which could lead to a pinning of steps along special orientations and change the scenario presented here.
